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COMBINATORIAL AND MODEL-THEORETICAL
PRINCIPLES RELATED TO REGULARITY OF
ULTRAFILTERS AND COMPACTNESS OF
TOPOLOGICAL SPACES. VI.
PAOLO LIPPARINI
Abstract. We discuss the existence of complete accumulation
points of sequences in products of topological spaces. Then we
collect and generalize many of the results proved in Parts I, II and
IV.
The present Part VI is complementary to Part V to the effect
that here we deal, say, with uniformity, complete accumulation
points and κ-(λ)-compactness, rather than with regularity, [λ, µ]-
compactness and κ-(λ, µ)-compactness. Of course, if we restrict
ourselves to regular cardinals, Parts V (for λ = µ) and Part VI
essentially coincide.
See Parts I - IV [L7], or [BF, C2, CK, CN, KM, KV, L1, L2, L3, L4,
L5, L6, S, V1] for unexplained notation.
Let us recall the definition of the ✷<ν product. If ν is a cardinal,
and (Xβ)β∈κ is a family of topological spaces, then the ✷
<ν topology
on the cartesian product
∏
β∈κXβ is the topology a base of which is
given by all products
∏
β∈κ Yβ, where each Yβ is an open subset of Xβ,
and |{β ∈ κ|Yβ 6= Xβ}| < ν. The product of (Xβ)β∈κ with the ✷
<ν
topology shall be denoted by ✷<νβ∈κXβ.
Notice that in the case ν = ω we get the more usual Tychonoff
product. As usual, we shall denote the Tychonoff product by
∏
β∈κXβ.
Recall that, for every infinite cardinal λ, a topological space X is
said to satisfy CAPλ if and only if every subset Y ⊆ X with |Y | = λ
has a complete accumulation point in X .
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Actually, in what follows we shall use the variation of CAPλ which
deals with sequences, rather than subsets.
If λ is an infinite cardinal, X is a topological space and (xα)α<λ is a
sequence of elements of X , we say that x ∈ X is a λ-accumulation point
for (xα)α<λ if and only if |{α < λ|xα ∈ U}| = λ, for every neighborhood
U of x.
We say that a topological space X satisfies CAP∗λ if and only if every
λ-indexed sequence (xα)α<λ of elements of X has a λ-accumulation
point.
Proposition 1. (a) If λ is a regular cardinal, then CAP∗λ is equivalent
to CAPλ, and equivalent to [λ, λ]-compactness.
(b) If λ is a singular cardinal, then CAP∗λ is equivalent to the con-
junction of CAPλ and CAPcf λ.
Notice that the space cf λ, endowed with the order topology, does
not satisfy CAPcf λ, but it satisfies CAPκ, for every infinite cardinal
κ 6= cf λ.
On the other hand, if µ is regular, and µ ≤ λ, consider the space
X = Sµ(λ), endowed with the topology which has, as a base, all the
sets of the form {y ∈ Sµ(λ) | y ⊆ x}, x varying in Sµ(λ). X satisfies
CAPκ, for every infinite cardinal κ < µ. Indeed, if κ < µ, then every κ-
indexed sequence (xβ)β∈κ in X converges to
⋃
β∈κ xβ . On the contrary,
if λ ≥ κ ≥ µ, then X fails to satisfy CAPκ.
Thus, if in the above example we take λ singular, and µ = (cf λ)+,
we get a space satisfying CAPcf λ but not CAPλ.
If λ is singular, and 2cf λ < λ, then it is not difficult to construct a
Tychonoff topological space X which does not satisfy CAPλ, but such
that every power of X satisfies CAPcf λ.
Notice that if λ is singular, CAPcf λ holds, and there are arbitrarily
large κ < λ such that CAPκ holds, then CAPλ holds, hence, by Propo-
sition 1(b), also CAP∗λ holds. The proof of the above fact is similar to
the proof of the proposition in [S, p. 94].
Proposition 2. Suppose that X is a topological space, x ∈ X, λ is an
infinite cardinal and (xγ)γ∈λ is a sequence of elements of X.
Then x is a λ-accumulation point for (xγ)γ∈λ if and only if there
exists some ultrafilter D uniform over λ such that (xγ)γ∈λ D-converges
to x.
Remark 3. Variations on the above proposition are well known. See
e.g. [S, p. 80-81].
An analogue of the above proposition for (λ′, λ)-regular ultrafilters
and [λ, λ′]-compactness is proved in [C1, C2].
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For λ = λ′ a regular cardinal, the statement in Proposition 2 and
the corresponding result from [C1, C2] essentially amount to the same
result, since an ultrafilter is (λ, λ)-regular if and only if it has some quo-
tient uniform over λ, and since CAP∗λ is equivalent to [λ, λ]-compactness.
Notations 4. Since we will often be working in products, dealing with
sequences indexed by external sets, in order to avoid confusion we shall
introduce a special notation to denote the elements of the product.
If x ∈
∏
β∈κXβ , say x = (xβ)β∈κ, we shall sometimes denote x by∏
β∈κ xβ .
The next lemma generalizes the fundamental property ofD-convergence
with respect to products. Indeed, since every ultrafilter is ω-complete,
the particular case ν = ω of the next lemma asserts thatD-convergence
in a Tychonoff product is equivalent to factor by factor D-convergence.
The lemma is more general in the sense that it asserts the above equiv-
alence for ν-complete ultrafilters and ✷<ν products.
Lemma 5. Suppose that D is a ν-complete ultrafilter over some set I,
(Xβ)β∈κ is a family of topological spaces, and (xi)i∈I is a sequence of
elements of X = ✷<νβ∈κXβ, say, for each i ∈ I, xi =
∏
β∈κ xi,β.
Then (xi)i∈I D-converges in X to some x =
∏
β∈κ xβ ∈ X if and
only if, for each β ∈ κ, (xi,β)i∈I D-converges to xβ in Xβ.
Proposition 6. Suppose that κ is a cardinal, and λ, ν, (µβ)β∈κ are
infinite cardinals. For each β ∈ κ, endow µβ with the order topology.
Suppose that (fβ)β∈κ is a given set of functions such that fβ : λ→ µβ,
for each β ∈ κ.
Consider the following conditions.
(a) There exists a ν-complete ultrafilter D uniform over λ such that
for no β ∈ κ fβ(D) is uniform over µβ.
(b) In the space ✷<νβ∈κµβ the sequence (xγ)γ<λ defined by xγ =
∏
β∈κ fβ(γ)
has a λ-accumulation point in ✷<νβ∈κµβ.
If for each β ∈ κ µβ is a regular cardinal, then Condition (a) implies
Condition (b).
If ν = ω then Condition (b) implies Condition (a).
Proof. (a)⇒(b). Fix β ∈ κ. Since fβ(D) is not uniform over µβ, and
µβ is a regular cardinal, then fβ(D) is not (µβ, µβ)-regular. By [L5,
Proposition 1], µβ is fβ(D)-compact, that is, every fβ(D)-sequence
in µβ fβ(D)-converges. In particular, the identity function on fβ(λ)
fβ(D)-converges to some point of µβ. By definition of fβ(D) and of
ultrafilter convergence, this implies that the sequence (fβ(γ))γ<λ D-
converges in µβ to some point, say, to xβ.
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Since the above holds for every β ∈ κ, and (xγ)β = fβ(γ), then, by
Lemma 5, the sequence (xγ)γ<λ D-converges in ✷
<ν
β∈κµβ to x =
∏
β∈κ xβ.
By Proposition 2, x is a λ-accumulation point for (xγ)γ<λ.
Now suppose that ν = ω. We are going to show that (b) implies (a).
Suppose that (b) holds. By Proposition 2 there exists some ultrafilter
D uniform over λ such that (xγ)γ<λ D-converges to some point of∏
β∈κ µβ.
By Lemma 5, for each β ∈ κ, the sequence ((xγ)β)γ<λ D-converges
to some point of µβ. Since (xγ)β = fβ(γ), this implies that, for each
β ∈ κ, the identity function on µβ fβ(D)-converges to some point of
µβ, and this easily implies that fβ(D) is not uniform over µβ. 
Definition 7. Suppose that λ is an infinite cardinal, and M is a model
with a unary predicate U and a distinguished binary relation < such
that 〈UM, <M〉 = 〈λ,<〉. Suppose further that M has a name for every
element of U = λ (for simplicity, and by abuse of notation, we shall
suppose that the name for α is α itself).
If N ≡ M, and b ∈ N , we say that b is λ-non standard if and only
if, in N, U(b) holds, and α < b holds for every α < λ. Other sentences
which have been used to indicate similar notions are that “b bounds
λ”, or that “b realizes λ”. Of course, in the particular case λ = ω,
we get the usual notion of a non-standard element. In other words,
N has a λ-non standard element if and only if 〈UN, <N〉 is not an end
extension of 〈λ,<〉.
We shall use the above terminology even when U is not a predicate
in the vocabulary of M, but just a unary relation definable by some
formula. In particular, if µ < λ, and, as above, in M, 〈U,<〉 = 〈λ,<〉,
M has a name for every element of λ, and N ≡ M, we shall say that
b is µ-non standard in N if and only if, in N, b < µ holds, and α < b
holds for every α < µ.
Of course, it might be the case that the model M has many predi-
cates Ui and relations Ri such that 〈Ui, Ri〉 ∼= 〈λ,<〉. If this is the case,
and N ≡ M, it might happen that N has a λ-non standard element
according to, say, U0, R0, but no λ-non standard element according to
U1, R1. We shall try to adhere to the convention that the base set of
M does always contain the “real” λ, so that our definition of λ-non
standard is not ambiguous. Anyway, the above possible ambiguity is
not a serious problem, as far as the present paper is concerned, since
we always allow M to be expanded with additional functions and rela-
tions, so that we can always have, inside M, isomorphisms between any
〈Ui, Ri〉 and any 〈Uj, Rj〉. Since being an isomorphism is expressible by
first order sentences, and N is supposed to be elementarily equivalent
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to M, then a λ-non standard element exists in N according to Ui, Ri
if and only if a λ-non standard element exists according to Uj, Rj .
As far as Condition (7) below is concerned, fix some set V ⊆ Sλ(λ)
cofinal in Sλ(λ) of cardinality ≤ κ and, for v ∈ V , let Rv be the unary
predicate on λ defined by Rv(γ) if and only if γ ∈ v (compare Part IV,
Definition 2 and Remark 3).
As far as Condition (8) below is concerned, recall the definition of a
κ-(λ)-compact logic from Part IV, Definition 10.
Theorem 8. Suppose that κ is a cardinal, λ is an infinite cardinal,
and (µβ)β∈κ is a set of infinite regular cardinals.
Then the following conditions are equivalent.
(1) There are κ functions (fβ)β∈κ such that
(a) For each β ∈ κ, fβ : λ→ µβ; and
(b) for every ultrafilter D uniform over λ there is β ∈ κ such
that fβ(D) is uniform over µβ.
(2) There are κ functions (fβ)β∈κ such that
(a) For each β ∈ κ, fβ : λ→ µβ; and
(b) for every function g ∈
∏
β∈κ µβ there exists some finite set
F ⊆ κ such that
∣
∣
∣
⋂
β∈F f
−1
β ([0, g(β)))
∣
∣
∣ < λ.
(3) There is a family (Bα,β)β∈κ,α<µβ of subsets of λ such that:
(a) For every β ∈ κ,
⋃
α<µβ
Bα,β = λ;
(b) For every β ∈ κ and α ≤ α′ < µβ, Bα,β ⊆ Bα′,β;
(c) For every function g ∈
∏
β∈κ µβ there exists a finite set
F ⊆ κ such that |
⋂
β∈F Bg(β),β | < λ.
(4) For every family (Xβ)β∈κ of topological spaces, if
∏
β∈κXβ sat-
isfies CAP∗λ, then there is β ∈ κ such that Xβ satisfies CAP
∗
µβ
.
(5) The topological space
∏
β∈κ µβ does not satisfies CAP
∗
λ, where
each µβ is endowed with the topology whose open sets are the
intervals [0, α) (α ≤ µβ).
(6) The topological space
∏
β∈κ µβ does not satisfies CAP
∗
λ, where
each µβ is endowed with the order topology.
If λ ≥ µβ, for every β ∈ κ, and κ ≥ cf Sλ(λ), then the preceding
conditions are also equivalent to the following ones:
(7) The model 〈λ,<,Rv, γ〉v∈V,γ<λ has an expansion (equivalently,
a multi-sorted expansion) A in a language with at most κ new
symbols (and sorts) such that whenever B ≡ A and B (respec-
tively, λB) has an element x such that B |= ¬Rv(x) for every
v ∈ V , then there exists β ∈ κ such that B has a µβ-non stan-
dard element.
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(8) Every κ-(λ)-compact logic (equivalently, every κ-(λ)-compact
logic generated by supβ∈κ µβ cardinality quantifiers) is κ-(µβ, µβ)-
compact for some β ∈ κ.
If in addition λ is a regular cardinal, then the preceding conditions
are also equivalent to the following one:
(9) The model 〈λ,<, γ〉γ<λ has an expansion (equivalently, a multi-
sorted expansion) A in a language with at most κ new symbols
(and sorts) such that whenever B ≡ A and B (respectively, λB)
has a λ-non standard element, then, for some β ∈ κ, B has a
µβ-non standard element.
Proof. The equivalence of Conditions (1)-(3) is proved as in Part II,
Theorem 1, equivalence of Conditions (b), (b′), (c).
(1)⇒(4). Suppose by contradiction that (1) holds and (4) fails.
Thus, there are topological spaces (Xβ)β∈κ such that X =
∏
β∈κXβ
satisfies CAP∗λ, but, for every β ∈ κ, Xβ fails to satisfy CAP
∗
µβ
.
This means that for every β ∈ κ there exists a sequence ((yβ)α)α<µβ
which has no µβ-accumulation point in Xβ.
Suppose that (fβ)β∈κ are functions as given by (1). Define a λ-
indexed sequence (xγ)γ<λ in X =
∏
β∈κXβ, as follows. For γ < λ,
xγ =
∏
β∈κ xγ,β with xγ,β = (yβ)fβ(γ).
Since X satisfies CAP∗λ, the sequence (xγ)γ<λ has a λ-accumulation
point x ∈ X . By Proposition 2, there exists an ultrafilter D uniform
over λ such that (xγ)γ<λ D-converges to x.
By Lemma 5, for every β ∈ κ, the sequence (xγ,β)γ<λ D-converges in
Xβ. Since xγ,β = (yβ)fβ(γ), we have that, for every β ∈ κ, the sequence
((yβ)α)α<µβ fβ(D)-converges to some point of Xβ.
By (1), there exists some β¯ ∈ κ such that fβ¯(D) is uniform over µβ¯,
but then Proposition 2 implies that ((yβ¯)α)α<µβ¯ has a µβ¯-accumulation
point, contradiction.
(4)⇒(5) is trivial, since µβ does not satisfies CAP
∗
µβ
, recalling the
assumption that each µβ is a regular cardinal.
(5)⇒(6) is trivial, since the topology in (6) is finer than the topology
in (5).
(6)⇒(1). If (6) holds, then there exists a λ-indexed sequence (xγ)γ<λ
in X having no λ-accumulation point in X . Say, xγ =
∏
β∈κ(xγ)β.
For β ∈ κ and γ < λ, define fβ(γ) = (xγ)β. The contrapositive of
Proposition 6 (a)⇒(b) then implies (1).
The equivalence of (1), (7) and (9) is proved as in Part IV, Theorem
7 (Cf. also Part V, Theorem 1.2, Conditions (a), (d), (e)).
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The equivalence of Condition (8) with the other conditions shall be
presented elsewhere. 
Proposition 9. Suppose that Condition (4) in Theorem 8 holds. Then
the following holds.
If (Yj)j∈J is a family of topological spaces,
∏
j∈J Yj satisfies CAP
∗
λ
and if, for every β ∈ κ, we put Jβ = {j ∈ J | Yj does not satisfy CAP
∗
µβ
},
then there is β ∈ κ such that |Jβ| ≤ |β|.
Proof. Suppose that Condition (4) in Theorem 8 holds, but the conclu-
sion of Proposition 9 fails. Thus, there exists a product Y =
∏
j∈J Yj
satisfying CAP∗λ, but such that |Jβ| > |β|, for every β ∈ κ. Hence we
can inductively construct a sequence (jβ)β<κ such that, for every β < κ,
Yjβ fails to satisfy CAP
∗
µβ
and, moreover, for β < β ′ < κ, jβ 6= jβ′ .
For β ∈ κ, put Xβ = Yjβ . Hence,
∏
β∈κXβ satisfies CAP
∗
λ, since we
are taking the product of a subset of the factors of Y . But then (4)
implies that some Xβ = Yjβ satisfies CAP
∗
µβ
, a contradiction. 
We have a partial version of Theorem 8 for the case when the µβ’s
are not necessarily regular.
As far as Conditions (4)(5) below are concerned, for each β ∈ κ,
choose some set Vβ ⊆ Sµβ(µβ) cofinal in Sµβ(µβ) of cardinality ≤ κ
and, for v ∈ Vβ, let Rv be the unary predicate on µβ defined by Rv(α)
if and only if α ∈ v.
Theorem 10. Suppose that κ is a cardinal, λ is an infinite cardinal,
and (µβ)β∈κ is a set of infinite cardinals. Then the following conditions
are equivalent.
(1) There are κ functions (fβ)β∈κ such that
(a) For each β ∈ κ, fβ : λ→ µβ; and
(b) for every ultrafilter D uniform over λ there is β ∈ κ such
that fβ(D) is uniform over µβ.
(2) There are κ functions (fβ)β∈κ such that
(a) For each β ∈ κ, fβ : λ→ µβ; and
(b) for every function g :∈
∏
β∈κ Sµβ(µβ) there exists some fi-
nite set F ⊆ κ such that
∣
∣
∣
⋂
β∈F f
−1
β (g(β))
∣
∣
∣ < λ.
(3) There is a family (Cα,β)β∈κ,α∈µβ of subsets of λ such that:
(a) For every β ∈ κ, (Cα,β)α∈µβ is a partition of λ.
(b) For every function g ∈
∏
β∈κ Sµβ(µβ) there exists a finite
subset F ⊆ κ such that |
⋂
β∈F
⋃
α∈g(β) Cα,β| < λ.
If κ ≥ cf Sλ(λ), and λ ≥ µβ, κ ≥ cf Sµβ(µβ), for every β ∈ κ, then
the preceding conditions are also equivalent to the following ones:
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(4) The model 〈λ,<,Rv, γ〉v∈V ∪Vβ ,γ<λ has an expansion (equivalently,
a multi-sorted expansion) A in a language with at most κ new
symbols (and sorts) such that whenever B ≡ A and λB has an
element x such that B |= ¬Rv(x) for every v ∈ V , then there
exists β ∈ κ such that B has a has an element y in µBβ such
that B |= ¬Rv(y) for every v ∈ Vβ.
If in addition λ is a regular cardinal, then the preceding conditions
are also equivalent to the following one:
(5) The model 〈λ,<,Rv, γ〉v∈Vβ ,γ<λ has an expansion (equivalently,
a multi-sorted expansion) A in a language with at most κ new
symbols (and sorts) such that whenever B ≡ A and B has a
λ-non standard element, then there exists β ∈ κ such that B
has a has an element y in µBβ such that B |= ¬Rv(y) for every
v ∈ Vβ.
Remark 11. Of course, there is the possibility of proving a mix between
Theorems 8 and 10, in the case when certain µβ’s are regular and other
µβ’s are singular.
We leave details to the reader.
Problems 12. (a) We do not know whether we can extend Theorem
10, for the case when the µβ’s are singular, by adding further equivalent
conditions analogue to Conditions (4)-(6) and (8) in Theorem 8.
(b) Does λ
λ+
⇒ µ implies λ
2λ
⇒ µ?
(c) Find conditions equivalent to the conditions in Theorems 8 and
10 which are expressed in terms of Boolean Algebras.
Remark 13. In most cases, in our proofs, we are not using the full
axiom of choice, but only the Prime Ideal Theorem.
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